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Theorem 2. Cauchy's theOfem. Suppuse G is a finife group and
? | o (G) where p is a prime number. Then there is an element a in
G such that o (a)=p. (Meerut 1980)

Proof. We shall prove the theorem by induction on o (G).
Assuming that the theorem is true for groups of order less than
that of G, we shall prove that it isalso true for G. To start the
induction we note that the theorem is vacuously true for groups
of order one.

If there exists a subgroup H+#G of G such that p | o(H), then
by our induction hypothesis the theorem is true for H because
0 (H) < 0(G). Therefore there exists an element aeG such that

0 (a)=p. Buta € H = a € G because H C G. Therefore there
exists an element a € G such that o (a)=p.

So let us now assume that p is not a divisor of the ordet of
any proper subgroup of G. Let Z be the centre of G. We write
the class equation for G in the form :

% 0 (G)

[See theorem 6, page 201]
Now N (a) is a subgroup of G. If a & Z, then N (a)#G and
s0 p is not a divisor of o (N (a)]. But p | o (G). Therefore
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Wwe conclude that p | o (Z). Thus Z is a subgroup of G
e by p. But according to our assump-

order of any proper subgroup of G.
nsequently Z=G. But then G is abelian. Therefore by Cauchy's
rem for abelian groups there exists an element in G of order p.
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Therefore o(S)=0 (5').0 (N)=p™'p=p™.
Thus S is a subgroup of G of order p™.
Thls completes the proof of the theorem.
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SAAT ' shal I’::w \hi::t is illto‘truuwfur G. ‘To Start the
inductio ﬁtmmilm theorem is obviously true if o (G)=1.
 qmlete (G)==p™n where p is nota divisor of n. Il m=0, the
. M’hmwrtmm If me=1, the theorem is true Py
Cauchy's theorem. S0 let m>1. Then G is & group of composite
order and so G must possess a subgroup # such that A+#G.

. Ifp s not a divisor of }% . then ™ | 0 (H) because

UEg] » i q o(G} AT

0 (G)=p"n=o (H);TF)'

~Also p™+! cannot be a divisor of o () because then pm+* will,
be a divisor of ¢ (G) of ‘which o (#) is a ‘divisor. Further
: 0 (H) < 0 (G): * Therefore by our  induction hypothesis, the
- theorem is true for H. Therefore H has a subgroup of order p™
and this will also be a subgroup of G. So let us assume that for
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every subgroup H of G where H+#G, p is a divisor of o (H)
Consider the class equation,

(G)
0 (G)= gloda Sadd 5
B ‘,_tfv'(G) o (Z)+ ez 0 WV (@) (1

Since @ & Z = N(a)#G, therefore according to our assump-

tion pis a divisor of » _2L9)_ " ‘565516 ().

agz 2N (a)) °
Therefore from (1), we conclude that p is a divisor of o (2).
Then by Cauchy’s theorem, Z has an element & of order p. Zis
the centre of G. Also N={b} is a cyclic subgroup of Z of order p.
Therefore N is a cyclic subgroup of G of order p. Sinceb € Z,
therefore NV is a nermal subgroup of G of order p.
[Ex. 7 on page 208 after § 4)
Now consider the quotient group G'=GIN, -
We have 0 (G')=0(G)o (N)=pmsifp=pm-1
Thus 0 (G') < 0 (G). Also pn-1 | 0 (G") but p™ is not a divisor
of 0 (G'). Therefore by our induction hypothesis G* has a sub-
group, say S’ of order p™! We know that.
¢ : G>G/N defined by §(x)=Nx'v x'c G is a Ko
G onto G/N with kernel V. Let S={xe G L é(x)

5},
Then S'is‘a subgroup of G and §* et

=S/N. [See theorem 4 of § 10]




